feedack [corvections: vibha @ pesu.pes. edu VIBHA MASTI



. FIBONACCY NVMBERS

DYNAMIC PROGRAMMING

* Rithard Rellman wn 1450s

¢ Rewrrence relation letween larﬁer ond Smaller golutions ,

so\ve swallef inttances

Record Solutions wn o “able

* Prevents duplication of effrt (Suloprolem) utingy o table

ond oottom-up approadh

i = £n-N 4 £In-2)

g(o)=o
£CO =1
Rewursion 4ree
£ln)
ted
/ \ / wMEl-? |
fn-0) o) iver:

LA N AP

£ Fn-3) Fin-3) £ln~L)
\

muMiple invocahong
(over\ap?ima S.Mo?(O‘olQW\D



%: {£0)=0

£y = |
Y= 0+t1=1
(@) = 1+ =2

£Lu) = 241

wonstant omourt of erk of eery erep

COW\B\e%H_'g
time: QCn)

space: o(n) ¢ all Wept
space: 6L T on\& prev 2 endvies

2. BINOMIAL COEFPICVENT

n-K
a+e)" = €ln,0) a0+ - +ClA D& b t.. -+ CLama’ ¥

© Given N, ompure "(,
Recurrence
ClAD = Clnd W) +COnA kD) fsy N>k >0

Cin,0)= | fo 020
Claym = |



0 I Q 3 oo - k- k.

o I

| | 5' ?ascod‘s ionole

a i Ma q} 0

K l 3 3
n-) 1ol e L) Cln-1, 1)
n ' n Cla,w)
C(n,0) =|

o) =|

CCnyw) = Cln-, W) « ClnAye-)

cla,N= cCy,)D+ CL,0)

Rlporitam  CCn D)

4 inpwt: integers n2o , k20
A oukput:  CLnywd

fox i=0 4o n
for y=0 to win (i,k)

else
CliyyY= eli-1,y) + CLi-1,3-13

return (Coywd



(,omg\exiw

+ Time: 6(nwL)

. S\aace . elnw)

Q: What does DP have in commimn  with divide ard wnguer)
What & e printipal difference between +hem?

¢ reuursive  tvreeg
© olgorithm same , only  Ompufaions veduced due 4o

shoving of valueg

§: The win chanpe problem does ok have an optimal
Svaeda golution W all cages

ey. win§ [, 20,35 ond amount 40

I¢ ¥nere o DP boged algorithm hat can golve all  cases of
e 0in cb\avxﬁe ?ro\o\em?

Brute Qovee:
maintain DP arvay?
\
14

https:/trykv.medium.com/how-to-solve-minimum-coin-change-f96a758ccade




— 3. KNAPSACK PROBLE M

bagy woith capocity M, opjecks wikh welghts and  values

0/1 knapsack ; oljeck cither picked up or not (no frackins)

Optimisation: MOAXimise pro(—‘i\— due to obpjects find wogt voluable
Subset of items

o Yaief 4viec to moximite peofit with Rinite ooy Size
Lwe.igm and valued

+ exhaushive Ssearch  (all Subsets found, value and  weight
eleuloked, ophimiced suloser  found)

® Subsers

&

DP_Alporithm

Derive returvence relation dhat expresses & Solubon o
on intavce of the nopta problem  in fermg of Solukione
o WS twaller  tubinstances
no of H'evv\s,_\\‘ - mpac\‘\\o
* (onsider knopSack (n,W) Ond & subproblem knapsack Ci,y)
Where i<n and yew

Recurrence excdude th jyem nelude ™ dem

A
max (FG-1,7), Vi+ FLi-1,)-W;) & j-w;20

€, =
FGi-1y) W §-wy; <o



ea-. Trem ¢ weiah{- Wy Volue v¢

| Q 1Q
Q | \o
3 3 20
'+ 2 IS

napsade ( 4,5)  Where Capauly =5

Solution
. wpa cl 3
w Vv l l a 1?] L 5
A R | o 1’ a2 12
T R Q2 a
3 3 o 1 21 [iv] 3
a (§ 4 0 IS S 3o 37
(omplexity

- Space: O(nW)
© Time wmp\ex'\%':\: plaw)

© Thoms v optinal soludion: ©(n)
Alporithm  XnapSatk (n,W)

/ Tnpwks: o = no of items, w - capacity

/) Ovipud = optimal Sulbset

/ Glooal tokle € CnyidTwel dinttialised 4o -1
/ £C0,01 initialised +o O

7/ Welnl ond Valln) 0\o\oa\ variables



foy i=0 40 n
fur y:o oW

if i=20 or §==0
FG =0

else f J- WelLid>=o0:
FLiyjd= max § FLi-, 33, Vallid + ELi-t,5- Welid ]

e\se

FG,30 = FLi-,))

fefurn = Fln,wW1

6: I8 o sequence of valueg W o vow of the DP +oble for +he
Knapsock. problem i always nowd.ecmasma?

Tes, 0 the (apacity increases the value cannot decrease

6: 18 a sequence of valueg wn o Column of Hhe DP +ode for
the Knapsock. problem 18 aluoays nowalecreasma?

Yes , 08 e number of iremg inureases e value
annot decreage y the previous value can be used



MEMORY FUNCTION KINRPSACK

* Bottom up advan‘mac: each volue computed only once

- Not ol toble entriec are useful; watted computotions

- Top down disadvantane: multiple computations

+ Solution: combine odvantoges of +op down and lbotrom up
approach

Px\aor'\’c\f\wx MEKnapeack Ciy )
#/ Tapwts: i=no of rewms, - capacity
/) Outpud = optimal Suloset

// Glooal tokle F[nITWA initialited 4o -1
/J £C0,07 initialised +o O

/4 WInl and VIn) bko\oa\ variables
£ FLi,)) €0 4 onot stored ' takle

i § < W 7 item weight exceeds mpaci’(lﬁ
value = MEknapsack Ci-15)

elge
Value - max (MEwnapsack Ci-1,3),V [i1 +MEknapsack Ci-1,5- Wi 1D
FLi, 3 = value

retum FL)0



e?)-. Trem ¢ u)eiah’r Wi Value v

| Q 1
Q | \o
3 3 Q0
Y 2 s

knapsacl( 4,57 Where Capauly =5

-

capaci:)
o 1 ad
0

s

1

R

+F Lo —-0

. FC4,s)=-I
)=5 J-Wi = §-24 =3

mox( FL3,57 16+ FC3,3])

apa ct j

L o | J :d L

(0] 0

|

2 n T 9 volues not
3 T T T com[;u’rd and
¢[00 - - - Aled




Complexity
- Space: O(nW)
- Time wmp\exi¥3-. plnw)

* Thams i oprinal  soludion: oln)

—— 4. WARSHALL'S ALLORTTHM

- Trantikive dosure of o relation

Relationt cn  be reprasented 4s wnweighted  dicected geophe
Cedpe from A +o B represett 4ok~ Ris related ¥ B

. Tmni'\-ﬁvi’ra-. aRb ond bRec = aRe

P‘P?‘?) ’cmmiﬁv'\ﬂ,ﬁ 08 wany ximet o possible: obtain
Yoncifive closure

tuistence of all nondrivial patne in o digraph ; all paths to
be re?resev\m\ by dicet eAae n transitive  closure

ea: Trontitive doure

(O—( ‘
G ®



* Frowmn Source

podh &rom | 4 | — WO

pakia from \ 0 L — NO

path Leom |\ 4o 2 — YES (-3
path fomy \ o % — No

From sowvce a:
podin om 22 4o | — yes a9
path from 2 o L — Yes AU
?a\—h om 3 4o 2 — Yel L1
pain oy 2 o 4 — YEL VY
* And SO own

* Tcownsihve dosuve:

OSORTH
(O 01 o

>< ol LI I B
3|0 00 o

glrvy v

080
O 0
Recurtence

. Rm = A (ao\')ouem& wmatyin)

» R =T Grancivive closure)



© O0n the " deration, 4ne a\%or\*hm computes R

| i ?aw\hom V4o b and k fo §
ROL,L = ) e RDLL Y Py 5

KCH) [i;31 onerwise

. wgim\ expresgiom

-y

R™ (i)yd = R“'nCi,j'J s RULied and RO Lk 33

A\aoriw\w\ wavshall (ACNn, n D)

/ Input: Adjaceniiy WMod X Aaxn
4 O\MP\A’( Tram\h\pg cloture Tan

R = g
for k=1 40 n

fox iz Lo n
for =1 4o n

RO Ci,31= RV 00,57 00 RV 14,13 and R0k, 3

retum R'™
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— outgo if\a

(| outgo ir\;a
'Q) a) incomi Ny
Comg\e\d-\'g

© Time: O(n®)
* Space: oln*) — only L wmaitvices Tegumired



Q: Is wardral's algoritam  efficient for  spavte graphe?

© TF adj lisk used?

8. Can Worthan's alaorithm ve wted to determine if
o %mph it o DAL  (directed auocl(c sumz

" Yes ?oﬂ‘h from wnode 4o tge\f - %(,\(c

—— S . FLOYD'S ALLORITHM
© Shorkest path betwieen every ?u‘\r of vertices

. Di\')ls’ffa\s: poth from verkex Yo n-l -(QW\Mnina verhcees —
e(ln) YO\-W\S

* (arvent problem: 6(n*) poth

(ow\?uﬂ'e all yairs of Shovregt Yaw\s via  Sequence of
nxn matices B D™ L0 D where DMLY s
the chortest poth feom (4o) with on\b Ricsk ¥ vertices
allowed 08 inrermediate vevtices

g Vo8 »
8§ o ww
© - 38
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A\Sori)rhm Floyd ( ACnI[nD)

//'L'r\?lk\'i \A)Qia\'\—\' wodYix A of a Qr‘on\f\
w

7 Ourput: Distance wmndrix of shaked patht
D=AR
for Xz | 4o n
fsr i=|l 4o n
for =L 40 0
DLi,j3 = min (DCi,jd, DL,k + Dtk,')'.l)
return D
Com¥\ex'\+gé
* Time: 6(n*)
* Spoce: & n*)

B: Enhance  Floyds olgorithm o tnad  shottedt  pasa
fnemcelves and not ~ jusk  their lengtic  axe  found

Have o seond wairix  PREV  4hat  ttovet  the
eVIOUS  Verrice Wwisited w Hne Pod'h Peom  L4o ) J
in PREVC, 3



— 6. OPTIMAL RINRARY SEARCH TREES

+ Diven n keye & <---<Lag and probabilivies p,, ..., P
searc,h'mﬁ for hew find o BST Wt a minimum number
of comparisions W successful seavch

* Since total number of BSTe with n nodes s gjven \%

(‘.Can\,n) , orure force is pointless Lexponentian
n+t l)

Cotalan

number

CTi,)] — minimum averane number of comparisong made
in  TCi,j] — tee with nodes &; 4o oy — T

© TG, — optimad BST for keyt a;<---<ay  whevre

l¢igjen
root
-\ J Node
Cti,j2= min C IV 57 ps - Clevel of ag in Ti_"' e
1£ke) s oot
/ node

| access ]
+6_f£|?s- Clevel of ag n TH‘H‘))



h—l

\ﬂ min { i) Ps - C\evel of ag » —rll)_‘_
‘<ESJ
i s Clevel of o, n kH) 1—2()5}
= k!

Rewurvence :)

CCiyyl = win {C[' k-3 + € Cexl, )7Y “’S_ Ps 180 g)en

l‘\'—S)
one node tree
CCiyid =p; 1<icn
CCi,i-17 = 0
Table foy DP
0 1 ; 5
11 o | p -
0| P

n+1 5




lompute  CLI,27Y = win {

( Q 3 b
Egy e A B C D n=4
proba 'l\i\‘(é 0\ 0.2 04 0.3
intial fovles T¥
) )
0 l Q 3 i 0 | Q 3
'l o 04 ! \
i 2 o o012 i 2 o}
3 O 0.4 3 3
t O 02 t
S o] g
main  table voot+ “uble

2
=1: 0,01+ ¢c2,13 +SZ Ps
=l

T
=2 CLL\D+CL3,2) *Szrs
§=

J=2 3 k=): 0+0.2403 =0F§
= MmN
=2:0]+0+03% =04
) (. vood
J )
0 l a3 4 0 l A 3 &
'l o 0] o4 1 v Yy
2 O o1 i 2 Q
3 O 0.4 3 3
t O 03 ¢ 4
S (o) S
main  table root tuble




Pnd S0 on, avg no of
comParisom

) / )
o | 2 3 & o |1 2

Ne bbo -~

3
o 0] o4 v (1] ! IR B
O 6.2 o8 I P 2 Q3
o o0.4 |o 3 3
0O 03 t
(o) S
Recondrwen ey

TUy2) % TCLY)

C l C
7N T 4 /N
A\G P g D

/
A

root opotained from oot toble, rewftively



R\%Of'\HAW\

ALGORITHM OptimalBST(P[1..n])

//Finds an optimal binary search tree by dynamic programming
/Input: An array P[l..n] of search probabilities for a sorted list of n keys
//Output: Average number of comparisons in successful searches in the

1/ optimal BST and table R of subtrees’ roots in the optimal BST
fori < 1tondo

Clii =1] <0 inifialise wmrar\'sms

Gleil= €] and voot +tobles

Rli,i]<i

Cln+1,n]<0

ford < 1ton — 1do //diagonal count
fori < 1ton—ddo

je«i+d
minval <« oo lOOP [ Fmo\
fork < i to j do Minva|

if C[i, k — 1]+ C[k + 1, j] < minval
minval < C[i,k — 1]+ C[k + 1, j], kmin <k
R[i, j] < kmin
sum < Pli], fors <—i + 1to j do sum < sum + P|s]
Cli, j]| < minval + sum
return C[1, n], R

7

av root +able
(_OW\PS.
(_omg\ex'\’rgé
* Time: 0(n*) — can vreduce +o O(nd)

- Space: O(n*)



Limitations of mﬁor‘ﬁhmic, Power

There Qre no algorithms +o Solve tome problems (ey: halting
ploblem, alceptance problem)

* (ertain problems can be Solved W principle, our in non-
po\bnomia\ time Ceb-. +ravc_\\'w% solesman  problem)

LOWER-BOUND ARGUMENTS

L)

Lower vound: an etimate on & minimum amount of work
needed to Solve a Qiven Pprodem

* Can be On exact count o an eGFicienuA cass ()

* Tight lower bound: Yaeve exiske on a\ﬁori*hm with we
tome e«"(—'ic'mma 0s e lower oound

+ Showd not be P

oitible ‘o solve at lower omplexity than
lower bound — Showd e firm

Prob\em Lower Bound  Tightness Calgo exitts)
Sotin -(n Logyn) yes  merge
search saﬂf& orray 5N (boa n) yes binary
element unigueness LA N ) Log ) Wes  Sevk § ady (nd
inreger multiplication tinxn) L (n) unknown
wmakrix vulipiarien Lnxnd s (n?) unvown

7 .
. eth
Styagten's 2 oMeETY



I. Trivial Lower Bounds

ounting no. of eme +o be processed in Input and
come,ra;'\g as ountput

Exampleg

(@) Max elemenf —— L(n)
() Polynomial evaluation —> n.n) fer n terme

© Madvix wltiplication — LIn™) for tach element in nxn
Cob Sovt ng —> not best

- Note: may not always e uieful

- Pdvevsary Prauments

- Wover Cage omount of werk

* Tmagine adversary wmdno hard Yo make problem
diffleculy +o  Sove by M\)\As’cir\a input

tx omples

o Searth for element in binary Seavth; Odversory puke

number i iwe larger of ftwo suotere (wovst  case
l03 N COMPOrisNS)

Uo) Merﬂ'm@ of fwo Sovred ist b odveviar
'\4") ‘F‘N Q|‘q1 5 v .Qq a.ﬂd y\) bl,
case an-l comparisens)

0; & b") &€
... o Cwortt



3. Problem Reduchon

If problem P ot least as hard ot problem B ¥aen
lower vound £¢f & i lower ‘vound fov P

© Find problem R With known lower bound, reduce
problem & Yo problem P

Examg\e

@ P: MET for n poONYS in  (acresion plane, A element
umgumeness  probiem C 0-(n log n))

Reduce element unigueness problew o minimum
sPomv\inﬂ Wee fpfoblem (Euclidean MET problem)

Let N aumbers be e n poinks in  (arresion plane
fox wWhich M(T musr be found

(onverr n no.s Yo set of coordinates with y=o0
{2, %, 510} — $0x,,0), (33,00, ... 5 (a0 Y

Letr T be MMST of n points




(D)@

Q

o0
3 o

/
(Y
\\ 4

If O length edge exists, no uniqueness . Heve:
unique

@ Prove that the classic recursive algorithm for the Tower of Hanoi puzzle makes the
minimum number of disk moves

https://math.stackexchange.com/questions/2650/how-to-prove-the-optimal-towers-of-hanoi-strategy

http://towersofhanai.info/Tech.aspx

e Find a trivial lower-bound class and indicate if the bound is tight:
» finding the largest element in an array
» generating all the subsets of an n-element set
» determining whether n given real numbers are all distinct



DECISION TREES

Problem tupes: oprimisekion ond desicion Ctvue/falsed
. W\ama problems can be framed vy either way
Desicion problems wore  lonvenient fo s’mdﬂ LOW\PlexH'ta

© A eadh wode, a\gori*hm takes decision

€6: Decision 4tvee sy minimum of 2 nos

ves o no

b c

+ Cannot have less no. of \eaf nodes +han no. of
soluhong



Cervmal Tdea

+ Tree mutt be +all ekuah for no. of \eaves = no. of
outcomes

3 h
Largect no. of 1eaves: oll \eaves in lack level =2
h
L <2
. He'\a\n\- Must be 0OF \eatt loh(leaves)

h > F(oﬁLN

— I Desition Trees fov Son‘v\s Nﬁori’rhms

Sorkin a\aori’rhms comparison- based (comrare paiie of
elewentt in  \igh)

: Binara decision tree fov cowparisen - based sorting o derive
lower ‘counds on *ime cf(—‘idmua

Decision *vee for lovting arvay of sile n wil wave n)
leof nodes

CWM‘\' Cﬂ) 2 rl"ﬁz“l-']

S\irkivva's £ormula

nl % {ann %)n

g [(@(g] |- P gm0 < miegs (@)



n [_lz,loﬂ,,cz)qv Llog,(10) + L10g.0 + 1 log,n - v\lo%le_\

=[ \tloa,® + loa,n - (log,e)n + M log,n 1
L T L i
=9(n\06¢\)

Decision Tree £or 2 -element Selection Lort

abc

yes no
a<b

abc

b b e

a<b<c a<c<b c<a<b| |b<a<c b<c<al|l |c<b<za

Avemge— Case Bewnaviour

* Average depta of leaves ; average patih \ength from oot
Yo leaves



Decision Tree £or 3 -element Tnsertion Sort

yes no

a<hb<c

a<c<b c<a<b
Owvev 000& e -
2¢513t243+3
6
Low ey %0““.& o CQV%

—3. Desicion Trees for Swrc}n'\n& Nﬁorh‘hmg

Cavg (N> 2 log,(n1)

key tomparismne of arroy of n

wwrs{;

b<c<a

= 2% tomparisms

c<b<a

Leys

)= Llognl+«l = T loog (n+1)1




four elemeny Tree

Al1]

2 ‘= 5
{A[@— Alt] %&—

>
< Al0] AlQ]

(A[O], AlTD (A1), AlZD | | Al2] _@3]

(A[2], ABD) | | Al3]

> A[3]

Cororet (1) 2 [lop (2041)]

" Lower than [loa,(n+)T 5 tight?

%inarb Decision Tree

Can)
Nad”

<

>

<
< Al0]

(A[0], Al])

(Al], Al2])

<

(Al2], A[3])

> A[3]

c::ur&t = T oo, (n+1) ]




e Consider the problem of finding the median of a three-element set a, b, ¢ of
orderable items

» What is the information-theoretic lower bound for comparison-based al- gorithms solving this
problem?

» Draw a decision tree for an algorithm solving this problem

» |s the above bound tight?



COMPLEX\TY CLASSES

* J& o problem trackable | Solvable Wn  polynomial Yime O(pln)
Decition problems , not optimitodion (fer now)

— closg P
* Decision prodews solvable in po\g}mm'\a\ Yime OC?CV\))

Problems:
- Searthin
element uniqueness
coph Lonnectivit
BmP\n acyelicity
Pﬁm&“m ‘\'&S‘Hna = \ITY https://www.cse.iitk.ac.in/users/manindra/algebra/primality v6.pdf

\

\

oC logn) € 00n) and 6lnlogr) € Oln*) — polynomial
Yime in bi%—o notation

— clasg NP

* Nondeterminishic Polunomial — Nondeterminishc Turiv\a Madnine
con Solve in po\\anom'\m Hme

+ Soluhions can be verified Po\ﬁnomio\\ Xime owce drained
Mostract wo-skep procedure

- Qenerates vandom ring ‘o venf
- Oneck if solwhon torrect v polynomial  time



p,oousw/cw SATKFLABILITY

* T¢ o boolean funckion in tonjunckive nevmal faom CCNE)
Sohisfiable C(values that wmale e exprestion  evoluare to D

C(NF: AND of ORc ,i-e.. POS form
Ey: (a+B+T) LA+ A+b+T) =Y
4 &=\, b=l, =0 , check ¢ ‘6'-'—\

Ul\e(,\(.ing_ ?\r\o\se-. oln)

Exavv\gles

* Homilonian ciccut existence : visiy every node and wme
bak +o s\-arh'n@ vertex

« Parhition problem: Possible o partiton sef of n integers
into fwo o\is:\om‘\- subsers with Same  sum

 Decisimn variants of MST, kP, groph colouring and other
tombinatorial  bptimisalion  probolemis

* Bl class P problem¢ can be ¢o\wed \% NP a\scri\—hm
P £ NP

+ T¢ P= NP - fundamentnl gquettion in (S



— clasg NP- LOW\?\QH’,

A deciSion problem D i NP-complete if i i s hard 0s
any problem in NP ond every problem w NP s redudable

o D n ?o\bnow{m\ Hwe

NP Problems

NP- Complete
Provems

B NP prodems wn be reduced 4o D i polynomial  Yime

Boolean tahisfiability, Homiltonian tirtuit, gcaph colouﬁmg\
travelling solesman , tubsel Sum  are intertovvertide [reducib\e

.

LurrevaU do not wave 90\3nom'\a\ rme a\@Othm fov even e
of Yhem

© Prove Hhat wo polynomial Hime Soluhon exitis fer any one,
prove fov a\l 5 prove P# NP

NP Problems

known NP
tomplete

condidate
£ot NP
tomplete




— ¢lass NP-ward

Dmmo cfmaﬂvxm—ba in NP

ever& problem n NP po\&nom'm\ Yime veducible to D

NP-Hard Np-Hard

NP-Complete

P = NP
2 = NP-Comp lete
F
H
S
P# NP P=NPp

(omplexity Hierarthy
1 U Vv

wown that at least one
is 0 peoper sulter of

anotheéy

EXPSPace

2= — unknown



BACLTRACKING

wWhen ?o\&now\ia\ solukims for ombinaterial problems do not
exi¢t

© Smork ways of exploving solukien Space Coetter +an  exhaustive
solution)

Worst cge st exponential ;, eliminaes uunecessanb cages fvom
exnaunttive Searth

© further: branch ond  bound

Steps

onsiruct s«\-m—e—s?ace rree — nodes: partial solutions and
e.o\gec-. thoices ex\—ev\div\a parkial  ¢olutions

Exp\ore USiné DFS

* Prune nonprowising nodes CDFS stops and oackivacks

— N - Queeng Problem

Place N gqueens on an NxN chess ooard 8o ¥k no two of
them are @ the tame vow, lumn of diagmal
01 Q3

0 «— Queen 1
\ —— gqueen Q
Q —— Queen 3
K} —— qQueen 4




* Find ctolumn Nuwioers for eath queen

+ No Solution fsr 2.x2, 33

1= 2 Q Q 1 2 3 Q
X X 3 o) X X X
Prune /
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Hawiltonian Circuit

©ydle n o 8mph ot pocses +hrou6\n o\ vertices of amp\'\
wcﬂU once

Source node does wnor wmaner

solution



Subtet Sum Problem

-+ Set A={a,; ..., 0.} of n positive integers, find subset
whote Sum 8 wQwal ‘o sivm positive irﬂ'%cr a

Ey A= {3,5,6,71 , d=1s

9+7>15 3+7<15 114+47>15  5+7<156

GENERAL BACKTRACKING ALGORITHM

Aloritm  Backtyade (X L1...13)
7 Taput: firsk i prom\s‘wQ Lomponents  of golutien
7 Oukput: all tuples W solukion (X, %z, ... %w)

W x(1..3] & Solwkion

write X(CI...¢)
else
fov eacn element x € i, Gnd cowtiraink
XL+l =x

Bockrrack CXCL. .. i+17)



e Continue the backtracking search for a solution to the four-queens problem, to find
the second solution to the problem
@ Explain how the board’s symmetry can be used to find the second solution to the
four-queens problem
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BRANCH % BOUND

* Jeprovement upe backimeking
Besk volwe of objective funchion on Ong Solukon Mok can
be obtained bﬁ Md.'ma further Components o the ?arhou\\\a
wnttructed Solution 0% node

Terminorion

* Volue of ‘ound (upper/lower) of wnode noY¥ better +han
etk Soluin Seenn S0 far

+ No feasivle solwrion 08 ontivaintg a\reuds violoted

* No further  thoices - Compare

Job P\'Lsianmem' froblem
(ot wminimised ;, lower bound

* Lower bound: Suwm of eadn pertet lowest logk jobe Cusually
not a Soluhon; acte as \ower vound)

jobl job2 job3 job4

9 @D 7 8 | persona

C— 6 4 @ 7| personb
|5 8 (D 8 | personc

7 6 9 @ person d

lower boound = 2t2¢l 4k = lO



Stote Space Tree

+ Besk- firsy wrowdh  ond  bound

© benevode ol cdwl\dren, Qo to bect thild

0

start

b=2+3+1+4=10

1 2 3 2
a——1 a—-2 a—3 a——4
b=9+3+1+4 =17 b=2+3+1+4=10 b=7+4+5+4=20 b=8+3+1+6=18

no otwer no q*lr\er no oner yob =4
b=t no otner pitt thie Job>3
Pb>1
0
start
b=10
1 2 3 B
a— 1 a— 2 a—3 a— 4
b=17 b=10 ib=20 b=18
X X X
5] 6 7
b->1 b—>3 b — 4
b=13 b=14 b=17
\ X X
8 9
c— 3 c— 4
d— 4 d— 3
cost=13 cost= 25
solution inferior solution



— napsae Yroblem

Trem ¢ uoeiahi- Wi Value v¢ volue
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© Desire : wox value § min weight = voalue

weiﬁh\—
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0

w=0,v=0
ub =100
with 1 w/fo 1
1 2
w=4 v=40 w=0,v=0
ub=76 ub =60
with 2 w/o 2 X
inferior to
3 4 node 8
w=1 w=4,v=40
ub=70
not fe);sible Ll Wwie3
5 6
w=9, v=65 w=4 v=40
ub =69 ub=64
X
with 4 wfo 4 inferior to node 8
7 8
w=12 w=9 v=65
value = 65
X
not feasible optimal solution

_— Trave\\ma Salesman Problem

+ Mart in o ity , complere Hamiltonian Cirtuk on weie)m—ee\
gragh

- lower bound: Sum of coctt of Z lowetr wdges ok 0 node
ond Yaen Adivide ‘ad 2

g = (24D + (142) & (243) = 11
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Tree

b=14
1 2/ \3 4
a b a, c a d a e
b=14 b= 16 b=19
X X X
bis not b>=/ b>1
before ¢ of node 11 of node 11
5 6 7
a b, c a b, d a b, e
Ib=16 Ib=16 b=19
X
b> 1/
of node 11
8 9 10 11
a b ca ab,c e a:b,d ¢ a b de,
(e, a) (d, a) (e, a (c, a
=24 =19 =24 =78
first tour  better tour inferior tour optimal tour
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